PMM U.S.S.R.,Vol.52,No.4,pp.434-439,1988 0021-8928/88 $10,00+0.00
Printed in Great Britain ©1989 Pergamon Press plc

ON STABILITY WHEN A SINGULAR POINT IS NON-ISOLATED"

ZH. A. MAMIROV

Assuming that m zero roots correspond to the non-isolated singular point
of the equations of disturbed motion, the problem of stability when some
of the remaining roots are pure imaginary, while others have a negative
real part in inessentially singular cases, is considered. This situation
is typical for non-holonomic systems. The stability and instability
theorems obtained are used to study the stability of the rotations of a
celtic stone on the boundary of the domain of stability.

1. Let the system of equations of the disturbed motion with holomorphic right-hand sides
and explicitly isolated linear approximation be

=Xy, ¥y =4y+7Y (9 (1.1

where z is an m-vector, y is an (N — m)-vector, and A is a constant (N —m) X (N —m)
matrix. We assume that

X(z,00=Y (2,00=0 (1.2)

for all # in the neighbourhood of the point z ==0. The singular point z =0,y =0 of system
(1.1) is then non-isolated: by (1.2), Egs.(l1.1) admit of the manifold of equilibrium states

z=c¢, y=0 (c=1(c;y...,Cm), ¢z =const, k=1,...,m)

Under conditions (1.2), we can regard (l.1l) as the equations of the disturbed motion of
a non-holonomic system with m non-holonomic constraints /1, 2/. It was proposed in /3/ to
regard as critical cases only those when the number of zero roots of the characteristic equation
is greater than the number of equations of the non-holonomic constraints, while in /4/ it was
proposed to call these cases singular.

Definition. We have the K-singular case if conditions (1.2) hold for Egs.(l.1l) and at
least one eigenvalue of the matrix 2 has a zero real part.

2. We consider the K-singular case when the matrix A in Egs. (l.1l) has n pairs of distinct
pure imaginary roots and g roots with negative real parts (N =m + 2n + q). We rewrite Egs.
(1.1) as — —

E=Fo+Fy 0 =A+®+ @, T =—AT+ O+ D, (2.1)
2 =P+ Zy+ Z, A=diag (A, ..., M)

Here, ¥ and z are real m- and g-vectors, 1, V| are conjugate complex n-vectors, 50, 51
are complex vector functions, conjugate respectively to ®, and ®;, A is a matrix of pure
imaginary eigenvalues, and the constant (¢ X ¢) matrix P has eigenvalues with negative real
parts; the functions with unit subscript are zero when z = 0. The arguments of functions with
zero subscript are &, 1 and %, and with unit subscript, are §, m, N and z.

In the inessentially singular case we have none of the identities Fy, = Q, = -C—Do = Z, = 0
/5/. We write the functions with zero subscript as the sum of two terms:

Fo=F®@&) + Fe® (&, n,m), F®(E0,0)=0;..

(we write similar equations for @,, @y, Z,)-
We rewrite conditions (1.2) as

FO =0 =P =Z,H =0 {2.2)
We can always arrange for the functions F¢® and F, here to contain no terms that are
linear in %, and z /6/. 1In the inessentially singular case, the stability problem for the
zero solution of system (2.1) can be reduced to the stability problem /5, 6/ for the zero
solution of the system (we retain the previous notation)

E=Fp " =An+ @, T =—Af+ D, {2.3)
in the critical case of m zeroc roots in m groups of solutions and n pairs of pure imaginary
roots, if the stability problem is solved for terms of finite order in the variables LT,
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and we have the identities F =@ =B W =0 for system (2.3).
e reduce system (2.3} to the normal form /7, 8/ up to and including terms of the M-th
oxder. The K-singularity is then preserved, Hence, using the previous notation, we obtain

n M
gk. == sgrl e MeThe -+ és F(I\{) + Fy “(24)
m M
e = A, -+ é}! Ak, + ga oY L@,

m M
-ﬁs‘ o 7“3?]3 + v§1 4 vsgvﬁs -+ Ig!z @i) + (I)s
O=Fll=Fio=08 =0\ =09 =0, (Fl=F{ £ 0,0, ...)

Here, @y, and 4w, Ay, are respectively real and complex conjugate coefficients; Fo,
o0, o0 are respectively real and complex conjugate resonance /7, 8/ forms of order |,
dependent on &, n, W3 Fy, @, ®, is a set of orders of smallness which are higher than ¥ and
depend on §, n, §. Throughout, k=1%,....m s=1,...,

After the change of variables

Ne = ps exp (Ad + i8,), T, = p, exp (—Ait — i6,)

system {2.4) takes the form /7, 8/
n M ;
& = Xlaxsps” + 1213 HY + Hy (2:5)
= =
m M .
ps xzbvag‘}ps'{" Epg) +ps
=1 i=g
m M .
psBs‘ = El cvagvps + 122 Q-E ! + Qs
V= e
bys==Redys, Cps==1Im Avs, pﬁ(Py ve ey Pab B:(elv < By)
Here, H {1, P®, Q4 are the respective resonanance forms of system (2.4} of order I
in §,p with coefficients, periodic in 8; the functions Hy, P, and @, are forms in E o
which are periodic in ¢ and 8, and have an order higher than M.
We shall assume that m ==2 (the generalization to the case m>2 is cbvious). We

transform in system (2.5) to ‘(n -+ 2)-dimensional spherical coordinates 7, @i, . - « @pey

By =rcosq;, & =rcosq,sing
V41 ndy

Py ==TCO0S Pyyq HSin‘Pp Prn=r1 HSiﬂ‘?j

Je=y =y
I o<, 0 y<Kn/2 (f=3,...,n+1),
v=1,...,n~-1

and write the corresponding equations only for r’ and ¢, taking M =2

r'= A'[R® (p,0) + R (r, 9, 8, 1)] (2.8)
9 = Asin g, [G® (¢, 8) +- G {r, ¢, 8, 1)]
A =rsin g, sin g;, RO (¢, 8) = K {(¢’, 8)Ar? +

! @y + b1 008 @y - (ag, + by,) cos @y singy] o473

=1

G (@, 0) = cos g, K (¢, 0)Ar™ + L ()

Lip)= gi [by, c0s? @5 + €08 @, (@, - bys) 008 @y sin gf —
n

a5, 8in? qy)pA7, K (¢',0)= X KP(¢',0)p,A

gmu)

Q}' = {@3: o Praahs Ktit} {9, 8) = P (§, .8 aa-r

(since the least order of inner resonances in this case is three, the functions P®(E, p, 8)
are independent of E).

We write A® and Asin @, on the right-hand sides of Egs.{2.6) as common factors for the
entire right-hand side of these equations, inasmuch as we have the K-singular case and there
are no terms linear in %, %, 2 in the eguations for § in system (2.1). The functions psA™
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can be written as

n+41

n
. . -
c0s?qy, €082, Sill Qg .« . ., COSE Py IISln2 @ys H sin® @y
V=1 =1

Thus these functions do not vanish simultaneously for any possible values of @g, Qg . - -,
Pn+1-

Theorem 1. Assume that 1) for all s the coefficients b,; are of the same sign and that
we have the inequalities (aps - bg,)? + 4ay,bis << 0; 2) ming | L ()] > maxy, o | K (97, 0)/2].
Then, the zero solution of system (2.1) is Lyapunov-stable.

Proof. Under condition 1) (condition 2)) the functions L (g) (G (¢, 8)) become of fixed
sign. We consider the function V = rexp'(—h cos ¢,), where h is a real number. We calculate
the derivative with respect to t of this function, using the system of equations of the dis-
turbed motion (2.6)

V' = VA1 (hGO (@, 8) + R (9, 8) + kG (r, 9,0, t) + R(r, ¢, 6, 1))

For sufficiently small r, we can choose h in such a way that the derivative V° is of
fixed sign, while V¥V < 0; in this case, V satisfies all the conditions of Rumyantsev's
theorem /9/ on stability with respect to some of the variables.

Note that V is chosen in the same way in /10/.

Notes. 1°. If the coefficients by are of the same sign of all s, and we have (a5 +
bs)? + dagbys < 0, then, under the corresponding condition 2) of Theorem 1, the zero solution of
system (2.1) is likewise Lyapunov-stable.

29, If m=1 (i.e., there is no zero root), n>» 1, and there are no inner resonances
(in this case KX (¢’,0)=0), then Theorem 1 is the same as the theorem of /10/ (it suffices to
put  ays = by =0 in the conditions of Theorem 1).

3°. In the case m>2, n;>1, and there are no inner resonances, we can rewrite Theorem 1
in the light of Note 1° as follows.

Theorem 2. If there exists for all s at least one k such that all the b, are of the
same sign, and we have the inequalities (we can put k=1 without loss of generality)

m

b
éjz (ays T 0002 - 4a b, < 0 @0

then the zero solution of system (2.1) is Lyapunov-stable.

In the case when there are inner resonances, the sufficient condition for the zero sol-
ution of system (2.1) to be stable is that both inequality (2.7) and an inequality similar to
2) of Theorem 1 hold.

3. when studying the stability of the rotations of a celtic stones /11/, the case m =1,
n=2 (system (3.10)) was considered, though the coefficients b,, have different signs.
Consequently, the stability theorems, whether there are no inner resonances /10/ or there are
(Theorem 1, Note 1°), are not applicable for the case taken in /11/, though the K-singularity
remains.

Assuming that K-singularity is present, we consider the case when m =1, n > 2, though
the coefficients by, are not all of the same sign, and there are not inner resonances. We
rewrite system (2.5), indicating explicitly the form of the cubic terms and putting M =n + 1
(the equations for 6, are omitted):

7 n—1

=3 ol lay, + ok + zgz H (&, 0)] + Hy(Ep e, 6, 8) (3.1)

8=1

e

pr =0 [ + Bt + 3 B + 3 PO E o] + PuCap.0.1)

where the forms H,M, P,) of order ! are not in general the same as in (2.5).

Theorem 3. In the K-singular case with m =1, n>> 2, when there are not inner resonances,
suppose we have for all s the inequalities: 1)a,,0,,<<0; 2) b, + by 550, v =1, ..., n; 3) By << O,
v=1a,...,n 4) a;; — a1,Ps/b1s < 0.

Then, the zero solution of system (3.1) is Lyapunov-stable.

Proof. Let us explain the structure of the leading non-linear terms. Since we have K-
singularity, and as noted above, the functions F ®, F, contain no terms linear in M M, z
in system (2.1), the functions H; and P, can be written as
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Hy= 2 [Pvzﬂgi) (0, 6, t) + Pv2§1Hg;1) (2 8, ) + (32)

v=1

| ,-21 0301 (E2HSY (B4, 0,0, 1) + HU (61,6, 1))]

P,= 21 0% (P52 (0, 0, 8) + &P (p, 8, 1) +
V==
oy E2PSY (Ep 0, 9, 8) + PSIY (81,0, 1))

where Hy™, ..., H®, P&, ... PO are functions periodic in @ and t, and their order of

smallness with respect to §; and p is not less than the corresponding superscripts.
Since the normalization /7, 8/ in system (3.1) is carried out up to and including terms
of the (n -4-1)-th order, we can write all the forms P, as

Py =Dt + v§1 Pszgs—z) Evp 3.3)

where D, are real constants, and Dgn%® are forms of order {(l —2) in the variables §;, p.
We consider the function

. n a p' n
V=32‘—+Z(-—b§) ) Koo

s=1 5, v=1

where K,y are real constants. By condition 1) of the theorem, given any fixed Ky and
sufficiently small &, and p, the function V is positive definite.
Using system (3.1) and the structure of relations (3.2), the derivative V' is

—_ 21 . [(als —ay ‘:: + ZK“bls) o

ays an Kyipvwp; + Zﬂ‘ Bev (— :I:

v, =1 v=1

)pv=+.-.]+

2 %oy [Kov (bys + b1v) + - ]

8,v=1
AV

Here, the dots denote terms of higher order of smallness than those written.
For the derivative V' to be of fixed sign (such that V¥V < 0), the sufficient conditions

are
A) o, — a:s—Es—o‘ + 2K,b,, <0 for all s;
1s
n n .
B) V,(p)= [als Z K.jpvp; + Z’ﬁw (_ bi:) Pvg]

v,J=1 v=1

are negative definite functions of p for all s;
C) Ky (b + biy) <0 for all v=1,...,n and s(vs)

We put all the K,, =0, and choose the K,, such that conditions c) are satisfied and
are so small that, for all s, the functions V,(p) are negative definite (this is possible by
virtue of conditions 1), 2), 3) of the theorem). Conditions A) then hold by virtue of con-
dition 4). Hence V is a Lyapunov function, where VV'<0.

Note. Theorem 3 can be strengthened if the necessary and sufficient conditions /12/ for
fixed sign in a cone are applied to functions Vs (p); but we refrain from doing this because
of the unwieldy working involved.

4, consider the instability. It was shown in /13/ that, if there are no inner resonances
of the third order, and there exists, with m =1, at least one pair of numbers Qygy Dyss
satisfying the inequality a;b;, > 0, then the zero solution of system (2.5) is unstable. This

assertion obviously remains true in the K~singular case for any n > 1.
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Theorem 4. Let m = 2, let there be no third-order inner resonances, and let us have
K-singularity for n > 1. Then, if we have at least one of the inequalities

@ysbys + agsbas > 0 (4.1)
the zero solution of system (2.5) is unstable.

Proof. Assume for clarity that (4.1) holds with s =1, Using the usual arguments (see
e.g., /8/), we can discard the equation for pf, in system (2.5) and consider the truncated
system /8/

gl. = VZI al\'pvzy Ez.: EJ a2vpv2y ps. = (blsgl -+ b25§2) Ps (4.2)
= v=1

In the same way as in Kamenkov's instability theorem /6/, we form the following functions
by noting the form of the right-hand sides of system (4.2) (it can be assumed without loss of
generality that la;; = O):

To= ) 0 (annk; — anky), To=0p; [El appy? — by ky® — b?sEIEZ] ’ (4.3)
v=1 Y=

R zlgipsz (@1 4 b1s) &1 -+ (@05 + 25) &3]

Notice that, when §, 5% 0, expressions &, = ayti/ay;, p)f = (anbyy + a2bai)(&/a): py =0 (v =

2,...,n) are non-trivial solutions of the system of algebraic equations
To=0, To=0 (s=1,...,n)

while the function R on this solution takes the form R = p,? (g;b1; + @ bg)Ei/ay. Consequently,
if we assume that §/a;; >0, all the conditions of Kamenkov's instability theorem /6/ are
formally satisfied: all the @, are of the same sign, i.e., they cannot be arbitrary, as is
implicitly assumed in this theorem. We therefore pass to new variables wy, W, Uy, given by
the relations

wy = EJay, wy = by — anwy, 4y = py — (anby + anbn)’wy,
Uy =py—w, (v=2,...,n)

This change of variables obviously does not alter the stability problem. We rewrite
system (4.2) in the new variables and, for the new system, form functions similar to (4.3),
and thus arrange for all the conditions of Kamenkov's instability theorem to be satisfied,
which can be done simply by taking w, = E/a;; > 0. Hence our theorem follows.

We will now state a trivial extension of Theorem 4.

Theorem 5. Let m > 2, let there be no third-order inner rescnances, and let us have
K-singularity for n > 1. Then, if at least one of the conditions

Z ayghgs > 0
K=1

holds, the zero solution of system (2.5) is unstable.

5. In the model of a celtic stone /14/ it is assumed that the principal radii of curvature
rp and r, are different. Retaining the notation of /14/, we consider the case when r=or
and we have the inequalities

Bo=D?— dd; =0, Ag=202 + [0*(dd; — aay) + 8 (d + d)]A,™t >
0, Bo= 0%+ [0 (dd; — aa;) — 8 (8 + 0 (@ + a,))]A™ >0,
At — 4By >0

The matrix of the linear approximation of the equations of disturbed motion (rotation of
the celtic stone about a vertical axis on an absolutely rough plane) then has two zeros, and
a pair of pure imaginary distinct, eigenvalues 4ijox;, 4iwx, Wwhere

0= (Ao 4 (Ag2— 4By 2604

and we have K-singularity. Up to and including quadratic terms, the equations of disturbed
motion are

p = App — Apg + Asgv: — Arg¥y + (Ay/ 0)pBy — (Ay/ )by + . . -, (5.1)
¢ = App — Apq + Age¥y — Ars¥s + (Ao/ 0)pPy — (Ayy/0)gBy + . ..
T'= —a+ Oy, — gBy+ Biver V2 = p — ©¥ + pB: — bW’

B, = (D/C)p* + (A — B)/C)pg — (DIC)g* + Ay, Gpyy + (E/C +
Ay G)py; — (EIC + A156)qy, — A Gaye + A136%,% + (Ags — A1)GVive —
AGy? + .. B = gV — PY:
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A, =Do(@+ DAY, Ay = © (D + ad)Ag
Ay = 0 (D*+ ayd)Ac, Ay = DAY, Ay = d8847
Ay = d6A?, E = Mro(h—r), G= Mhir/C.

The remaining notation is the same as in /14/.
After the change of variables z =p+ig I, =p —iq, =%+ iV, T, = ¥ — i and subsequent
normalization /8/, Egs. (5.1) become
By = aup® + et .., B =0+ ...
Py = byubipr+ ..o P = b+ ...

where the dots denote small third-order terms in B;, Bs. P1, P2 (the equations for the angular
variables are omitted), while the coefficients of this system are given by

g == llz"ﬁ (1 — %H)[2D (K + )+ i(4 g B)(Ks — Ryl +
OMhry [bRs + BoK ] + Mhr, [doKs+ doK,),. s=1,2
by = @187 (4%, (0 Im (K, K,) — Re (B Ko@) + 2% (1 — 3 —
(1 + %) K, Ko)Re (byK,) + 23, Re (oK, (1 + %) — boKoK: Ry (1 — %))
by = @181 [4uyx, (@ Im (K,K,) — Re (K Kaag)) — 2% (1 + % —
(1 — %) K1 By)Re (bgKy)+2:; Re (— 5oK, (1 — %) + boKlexa (1 -+ %2))]
_ Bo (1 4 %1) 4 do Ko Bow (1 — %g) 4-do
(Goktom) @ (1 —#a) +0o * (@ + oxa) @ (14 %e)+ co
S = (1 + KK KK % + )2 — Ot — %)(K Ky + KoKp) —
dugry (K, Ky 4+ KiKy), ap = i (Agy + A1)/2, co =i (g + 41)/2
bp= Ay + i(Ady — A2, dy= A3+ i (g — A)/2

K,

Notice that, when «© is replaced by -—©, the coefficients ay, ap, b3 and b, remain un-
changed. Applying Theorem 1, we see that, with ay by < 0, ajabis <0, bybys >0, the zero solution
of system (5.1) is stable, while it is unstable if we have one or both of the inequalities
ay3byy >0, a3h3 >0 (Theorem 4).

The author thanks A.L. Kunitsyn, V.V. Rumyantsev, and the editor, for useful discussions
and criticism.
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